Abstract: In this paper we prove a common fixed point theorem for two Banach pairs of mappings which satisfy the contraction conditions in cone metric spaces without the assumption of normality condition.
the condition in the setting of cone metric spaces. The authors also described the convergence of sequences in the cone metric spaces and introduce the corresponding notion of completeness. Subsequently, many authors have generalized the results of Haung and Zang and have studied fixed point theorems for normal and non-normal cones, see for instance [4] , [8] , [10] , [11] , [13] , [14] , etc.
In 2009, Beiranvand [2] et al introduced new classes of contractive functions T -contraction and T -contractive mappings and then they established and extended the Banach contraction principle. Morales and Rojas [5] , [6] obtained sufficient conditions for the existence of a unique fixed point of T -Kannan contractive, T -Zamfirescu, T -contractive mappings on complete cone metric spaces.
In [8] , authors have proved some common fixed point theorems for a Banach pair of mappings satisfying T -Hardy Rogers type contraction condition in cone metric spaces. In sequel, Ozturk and Basarir [3] proved some common fixed point theorems for f -contraction mappings in cone metric spaces without the assumption of normality condition of the cone. Subrahmanyam [9] introduced Banach operator of type k. Recently, Chen and Li [7] extended the concept of Banach operator of type k to Banach operator pair and proved various best approximation results using common fixed point theorems for f -nonexpansive mappings.
The aim of this paper is to prove common fixed point theorems for two Banach pairs of mappings which satisfy contraction conditions in cone metric spaces without the assumption of normality condition of the cone.
Preliminaries
We recall some standard definitions and other results that will be needed in the sequel. (i) A mapping T is said to be sequentially convergent, if the sequence {y n } in X is convergent whenever {T y n } is convergent.
(ii) A mapping T is said to be subsequentially convergent, if {y n } has a convergent subsequence whenever {T y n } is convergent.
Definition 2.4. Let T be a self mapping of a normed space X. Then T is called a Banach operator of type k, if
for some k ≥ 0 and for all x ∈ X.
Definition 2.5. Let T and f be two self mappings of a non-empty subset M of a normed linear space X. Then (T, f ) is a Banach operator pair, if any one of the following conditions is satisfied:
Definition 2.6. Let E be a real Banach space and P a subset of E. P is called a cone if and only if:
(i) P is closed, non-empty and P = {0}; (ii) ax + by ∈ P for all x, y ∈ P and non-negative real numbers a, b; (iii) x ∈ P and −x ∈ P ⇒ x = 0 ⇔ P ∩ (−P ) = {0}.
Given a cone P ⊂ E, a partial ordering is defined as ≤ on E with respect to P by x ≤ y if and only if y − x ∈ P . It is denoted as x ≪ y will stand for y − x ∈ intP denotes the interior of P . The cone P is called normal if there is number K > 0 such that for all x, y ∈ E,
The least positive number K satisfying (2.3) is called normal constant of P . Definition 2.7. Let X be a non-empty set. Suppose E is a real Banach space, P is a cone with intP = ∅ and ≤ is a partial ordering with respect to P . if the mapping d : X × X → E satisfies: 
Then d is called a cone metric on X and (X, d) is called a cone metric space.
Definition 2.8. Let (X, d) be a cone metric space and {x n } be a sequence in X. Then:
(i) {x n } converges to x ∈ X, if for every c ∈ E with 0 ≪ c, there is n 0 ∈ N , the set of all natural numbers such that for all n ≥ n 0 , d(x n , x) ≪ c. It is denoted by lim n→∞ x n = x or x n → x, (n → ∞);
(ii) If for any c ∈ E, there is a number n 0 ∈ N such that for all m, n ≥ n 0 , d(x n , x m ) ≪ c, then {x n } is called a Cauchy sequence in X; (X, d) is a complete cone metric space, if every Cauchy sequence in X is convergent; A self mapping T : X → X is said to be continuous at a point x ∈ X, if lim n→∞ x n = x implies that lim n→∞ T x n = T x for every {x n } in X. for all x, y ∈ X where α, β, γ, δ are all non-negative constants such that α + β + γ + δ < 1, then f and g have a unique common fixed point in X. Moreover, if (T, f ) and (T, g) are Banach pairs, then T, f and g have a unique common fixed point in X.
Proof. Let x 0 ∈ X as an arbitrary element and define the sequence x 2n+1 = f x 2n and x 2n+2 = gx 2n+1 for each n = 0, 1, 2, ..., ∞. Then by using equation (1) and triangle inequality
Similarly,
Let 0 ≪ c be given. Choose ρ > 0 such that c + N ρ (0) ⊆ P , where N ρ (0) = {y ∈ E : y < ρ}. Also, choose a natural number N 1 such that
and
for all m > n. Then we get d(T x n , T x m ) ≪ c for all n < m. Therefore {T x n } is a Cauchy sequence in (X, d). As X is complete, there exists z ∈ X such that lim
Since T is a sub-sequentially convergent, {x n } has a convergent subsequence {x m } such that lim 
